ABSTRACT This paper investigates the synchronization problems of the coronary artery input time-delay systems with disturbances based on H ∞ control. By constructing novel Lyapunov-Krasovskii functionals and developing delay-partitioning methods, the synchronization criteria are established in view of a free-matrix-based integral inequality and an extended reciprocally convex matrix inequality, which further reduce the conservativeness. Then, a state feedback controller is designed to ensure the robust synchronization of the systems through the proposed matrix inequality. Finally, the simulation results for synchronization are presented to demonstrate the effectiveness of the proposed schemes.
I. INTRODUCTION
As we all know, chaotic systems are tremendously complex nonlinear systems which have gotten extensive attraction [1] - [3] . The obvious characteristics of these systems are their state trajectories rely considerably on the initial conditions and changes of the system parameters. Due to the feature of extreme sensitivity, it may easily cause two systems deviation of orbits. In order to achieve the synchronization of the two systems, the investigation of chaotic synchronization has become a contemporary topic in nonlinear science. The synchronization problem has broad applications and great potential in information science, automatic control, harmonic oscillation generation, networks control, and some other nonlinear areas [4] - [8] . Considering its wide uprising applications, numerous methodologies based on the control theory have more been introduced for sliding mode control, intermittent control, back-stepping control, feedback control and so on [1] , [9] - [13] .
In fact, as special case of complex chaotic systems, coronary artery systems have also been found to exhibit complicated dynamic characteristics and even chaotic behavior. On the one hand, the changes of vessel radius could trigger multiple diseases, this research has significant meaning in the clinic. On the other hand, it is of great reference value for engineer science to design a suitable synchronization controller to reduce undesired chaotic motion and achieve the synchronization of the two systems. Therefore, the study of synchronization problem for coronary artery systems has become a hot topic recently [14] . The more relevant literatures have investigated the issues of synchronization based on varies strategies. In [15] , Zhao et al. introduced the sliding mode control algorithm to address the issue of synchronization of coronary artery chaotic systems. Intermittent output feedback control was utilized to design the controller which can ensure synchronization between the master and slave systems [16] . In order to reduce the probability of angina disease, a chaos suppression controller was designed to achieve synchronization of coronary artery chaotic system [14] .
It is well known that input time-delay is a natural phenomenon in application of the coronary artery systems e.g. the rate of various patients absorbing the drug and it may cause instability or more complex dynamic behaviors [17] . Thus, to investigate the synchronization problems of systems with time-varying delays is a significant task [18] , [19] . In literature [16] , the synchronization for chaotic neural networks with time-varying delay was considered by using reciprocally convex technique. The time-varying delay was dealt for generalized neural networks by employing free-matrixbased integral inequality in [20] . The interval time-varying delay of linear systems was divided into multiple equidistant subintervals to reduce the conservative [21] . These literatures still exist room for further improvement in practical application. For the sake of getting less conservatism, all kinds of methods are utilized, such as free-matrix-based integral inequality [22] , wirtinger-based integral inequality [23] , delay-partitioning approach [21] , reciprocally convex method [24] and so on. The Jensen inequality [25] , [26] has been widely employed in time-delay systems since it is a powerful tool to get feasible results. To improve the conservatism, Wirtinger-based integral inequality [27] , [28] replaces the Jensen one and obtains more tighter lower bounds of integral terms. Then free-matrix-based integral inequality [20] , [29] which includes Wirtinger inequality is proposed to further get less conservatism and to improve the performance of criteria. However, there are still some developing room in the forementioned literatures.
In this paper, we discuss the issue of the synchronization of the coronary artery input time-varying delay systems with disturbance by employing H ∞ control. The main contributions of this paper are presented as following:
1. From the Theoretical point of view, we mainly employ there new effective methods. Firstly, a novel LKFs is established based on free-matrix-based integral inequality which provides more freedom than Jensen and Wirtinger inequality due to some adjustable parameters. Secondly, a developing delay-partitioning approach is presented, which can obtain less conservativeness. Thirdly, an extended reciprocally convex matrix inequality is proposed in reducing the estimation gap.
2. From the practical point of view, the purpose which drives pathological vessel into the trajectory of healthy vessel to treat many complex cardiovascular diseases could be achieved based on our strategy.
Finally, a novel state feedback controller using above mentioned strategy is designed. The effectiveness of the proposed approach is illustrated by an example.
Main Structure: The section 2 describes the problem formulation and preliminaries. The section 3 provides a novel synchronization criterion for coronary artery input timevarying delay systems which can weak constraints of LMI variables. The section 4 shows the simulation results of the trajectories of the slave system asymptotically approach the ones of the master system. The section 5 reaches conclusion of chaotic synchronization.
Notation: R n denotes n-dimensional Euclid space. · is the vector Euclid norm. * is a diagonal of a symmetric matric.
II. PROBLEM FORMULATION AND PRELIMINARIES
Describe the mathematical model of the coronary artery system as the following [14] :
where x 1 and x 2 represent varieties of inner radius and pressure of vein, Ecosθt represents uncertain period disturbances, c 1 , c 2 and ε are the coronary artery system parameters which satisfy c 1 ε − εc 2 > 0. The variation of the blood vessel radius and blood pressure could be changed with different c 1 and c 2 . The blood vessels chaotic state may cause many unpredictable diseases, for example myocardial infarction. In order to suppress the chaos for the coronary artery system, the state feedback controller is designed to achieve the chaos synchronization. Firstly, the normal coronary artery system(1) is simplified as following:
where the matrices A and C 1 depend on the value of c 1 , c 2 and
In order to obtain a certain control purpose, a control-input vector u(t − d(t)) which is the dosage of the single and double nitrate isosorbide nitrate used for treatment of angina is introduced. We control the dosage of the single and double nitrate isosorbide nitrate to change blood vessel inner radius and pressure and achieve chaotic synchronization of normal and abnormal blood vessel, which can improve transport of nutrients and oxygen to our heart. The abnormal system can be defined as the following:
where
is continuous function vector, D is the parameter matrix, p(t) = [p 1 (t), p 2 (t)] represents unpredictable external disturbance. In order to achieve synchronization of normal and abnormal coronary artery system, the error system can be defined:
where the error e(t)
] which could guarantee the error system asymptotically converge to the zero. The error system can be transformed:
When the full states of system(1) are completely unmeasurable, the state feedback controller
is not available. Then we can consider the output feedback controller to solve the problem. In the paper, we only consider the state feedback controller which is obtained by feasible set of K to ensure the system synchronization for simplicity. We will give synchronization criteria of system(5) by the following Assumption and Lemmas in next section, which is useful for the following. 
From (4), the following inequality can be obtained:
Lemma 1 [22] : f is a continuously differentiable function: [σ 1 , σ 2 ] → R n . For symmetric matrices R ∈ R n * n , T 1 , T 3 ∈ R 3n * 3n and any matrices T 2 ∈ R 3n * 3n , L 1 , L 2 ∈ R 3n * n are satisfying:
Lemma 3 [24] : For given a real scalar λ ∈ (0, 1), matrices
, and any matrices M 1 , M 2 , the following inequality is satisfied:
III. H ∞ CONTROL FOR SYNCHRONIZATION OF CORON-ARY ARTERY CHAOTIC SYSTEM A. FIRST PART
In this section, we provide a novel synchronization criteria based on free-matrix-based integral inequality and an extended reciprocally convex matrix inequality for the system (5) Firstly, when the state feedback gain K is already known, the sufficient condition which asymptotically converges to zero for the error system is established as the following.
Theorem 1: For given scalar ω, , the error system (5) satisfying Assumption1 is tending asymptotically to zero if exist positive value h m ,h, h M , µ, positive symmetric matri-
Proof: LKF can be constructed as the following:
Based on the above condition, the derivative of V (t) can be obtained:
wherė
with
According to Lemma 1 and Lemma 2
Based on (14) , χ 12 (t) can be presented as:
e(s)ds,
e(s)ds VOLUME 6, 2018 To study the external disturbances, J (e(t), p(t)) can be defined as the following:
where ω is disturbance attention rate. Based on zero initial condition and (7), we could get 
In view of convex combination technique 1i.[d(t)] < 0 holds if the following two inequalities hold
which are respectively guaranteed by (17) and (18) based on Schur complement. Thus, if (17) and (18) hold, then, for a sufficient small scalarε > 0,V ≤ −ε e(t) 2 holds, which ensures that system (5){d(t) ∈ (h m ,h)} is tending asymptotically to zero.
For
the derivative of V (t) can calculate as the following:
wherė (41) with 2 
= col e(t), (h − h m )ζ 2 (t), (d(t) −h)ζ 3 (t)
+ (h M − d(t))ζ 4 (t), h m 2 ζ 5 (t),h − h m 2 ζ 6 (t) ρ 2 (t) = col
e(t), e(t − d(t)), e(t − h m ), e(t −h), e(t − d(t)), e(t − h M ), g(x(t), t), p(x(t − d(t)), t)
ξ 2 (t) = col ρ 2 (t), ζ 1 (t), ζ 2 (t), ζ 3 (t), ζ 4 (t), ζ 5 (t),
t−d(t) t−h M t−d(t) s e(u)duds,
ϑ 21 = e(t − h m ) − e(t −h), ϑ 22 = e(t −h) − e(t − h M ), ϑ 23 = e(t) − ζ 1 (t), ϑ 24 = e(t − h m ) − ζ 2 (t),F 21 = 2 = AH 1 + B 1 H 5 + C 1 H 7 + DH 8 , F 22 = H 3 − H 4 , F 23 = H 4 − H 6 , F 24 = H 1 − H 9 , F 25 = H 3 − H 10 F 26 = F 27 = (S T 2 A + S 8 )H 1 + (S T 5 + S 9 )H 3 + (Q T 2 − S T 5 )H 4 + S T 2 B 1 H 5 − Q T 2 H 6 + S T 2 C 1 H 7 + S T 2 DH 8 − S 8 H 9 − S 9 H 10 S 3 H 13 +h − h m 2 S 4 H 14 21 = PH 1 + (h − h m )S 1 H 10 + h m 2 22 = S T 1 H 1 + (h − h m )Q 1 H 10 + h m 2 S 6 H 13 +h − h m 2 S 7 H 14 , 23 = S T 2 H 1 + (h − h m )S T 5 H 10 + h m 2 S 8 H 13 +h − h m 2 S 9 H 14 24 = S T 3 H 1 + (h − h m )S T 6 H 10 + h m 2 Q 3 H 13 +h − h m 2 S 10 H 14 25 = S T 4 H 1 + (h − h m )S T 7 H 10 + h m 2 S T 10 H 13 +h − h m 2 Q 4 H 14 , 26 = H 11 , 27 = H 12 , V 22 (t) = e T (t)(R 1 + R 3 )e(t) − (1 − ḋ (t))e T (
t − d(t))R 4 e(t − d(t))
What's more, we can obtain:
According to Lemma 1 and Lemma 2,
Utilizing Lemma 3,
(t − h m ) + e(t −h) − 2 h − h m t−h m t−h e(s)ds, η 23 (t) = e(t −h) − e(t − d(t)), η 24 (t) = e(t −h) + e(t − d(t)) − 2 d(t) −h t−h t−d(t)
d(t) t−h M e(s)ds
To investigate the external disturbances, J (e(t), p(t)) can be presented:
where ω is disturbance attention rate. By zero initial condition and (7), we could obtain
Similar to (34), we can obtain:
Based on convex combination technique, 2i.[d(t)] < 0 holds if the following two inequalities hold
which are respectively guaranteed by (19) and (20) based on Schur complement. Thus, if (19) and (20) hold, then, for a sufficient small scalarε > 0,V ≤ −ε e(t) 2 holds, which ensures that system (5){d(t) ∈ (h, h M )} is tending asymptotically to zero.
B. SECOND PART

Remark 2:
In this section, the state feedback controller applying to the system synchronization will be designed. When the state feedback gain K is unknown, the condition in Theorem 1 are not numerically tractable, in other words, they are no longer LMIs conditions due to nonlinear term 1, 2, 3, 4) . In order to solve the problem, the following theorem is presented.
Theorem 2: Given scalar ω, , l 2 , l 3 , l 4 , l 5 , the error system(5) considering Assumption1 asymptotically converge to zero if there exist positive value h m ,h, h M , µ, positive definite matricesˆ ∈R 5n×5n ,R i ∈R n×n ),Ẑ j ∈R n×n (i = 1, 2, 3, 4, j = 1, 2, 3), symmetric matricesX 1 ,X 3 and appropriate dimensions matricesX 2 ,Ŷ 1 ,Ŷ 2 ,Ŵ 11 ,
Proof: For given real scalar l 2 , l 3 , l 4 , l 5 , set S i (i = 1, 2) = l i+1 P. To achieve congruence transform, pre-and postmultiplying both sides of ij (i = 1, 2; j = 1, 2), in (35) and (51) by diag[
we can get (55)(56). What's more, by multiplying the matrix diag{P,P,P,P,P,P,P} on left and right sides of (21), we can obtain (57). This completes the proof.
Remark 3: Notice that there still includes −PẐ
3P on diagonal of matrix in (56). In order to solve the problem and reduce the conservation, we utilize the iterative algorithm to solving inequalities(56).
Firstly, we need to introduce new defined variables
which can be transformed to
By introducing variablesẐ
, which is equivalent to
Using the idea in a cone complementary linearization (CCL) algorithm [31] , the nonlinear optimization becomes
subject to (55), (56), (59) and 
Thus, the minimization problem (61)(62) can be solved by the following iterative algorithm.
Algorithm:
If there is none, exit. Set b = 0.
(ii) Solve minimization problem with a feasible set:
and minimization:
subject to LMI(60). VOLUME 6, 2018 
IV. SIMULATION
In this section, a numerical simulation example demonstrates the effectiveness of the above theoretical results.
The initial parameter c 1 = 0.15, c 2 = −1.7, E = 0.3, θ = 1 are presented for system(1), the chaotic response may be variational with different ε. In other words, the parameter ε which affects pathological blood vessels could induce a variety of diseases. Order ε = −0.5, system (1) will be in chaotic states. Given the Fig. 1 shows chaotic responses of system (1) without any control input and disturbance. In order to decrease additional computational complexity, order l 12 , l 13 , l 14 , l 15 = 0. It is easy to know that the response curves of the uncontrolled error system is showed from Fig.2 under the above initial matrix, which demonstrates the trajectories of the slave system asymptotically approach the ones of the master system, where e i (t) = x si − x mi (i = 1, 2) represents the pressure changes between healthy and unhealthy system. Thus the states of healthy and abnormal coronary artery system cannot synchronize gradually without controller u(t). We employ the H ∞ control to achieve the goal of synchronization for drive and response system based on initial parameter h m = 0.203, h M = 0.449, µ = 0.51 and controller gain matrices are shown as the following: The error state curves of system (5) with u(t) is presented in Fig.3 . (ii) When d(t) = 0.1+0.1 sin(t) and disturbance parameter ω = 0.55 applying Theorem 2, we can obtain the feedback controller:
0.4310 −0.0254 −0.0251 0.4465 The error state curves of system (5) with u(t) is presented in Fig. 4 .
(iii) When d(t) = 0.01 + 0.18 sin(t) and disturbance parameter ω = 0.56 applying Theorem 2, we can obtain the feedback controller:
0.4365 −0.0252 −0.0249 0.4521 The error state curves of system (5) with u(t) is presented in Fig. 5 .
As we can see that, the trajectories of the pathological system asymptotically approach the ones of the normal system in Fig. (3-5) , which show system error states asymptotically converge to zero. According to Fig. 3 , the unhealthy vessel is driven into the normal orbit in the shortest time, when order input time-delay d(t) = 0.02 + 0.07 sin(t) and disturbance parameter ω = 0.52. In other words, the purpose of synchronization has achieved between normal and abnormal systems based on the above proposed theory.
Our strategy is feasible to deal with the problem of synchronization for coronary artery system through the above discussion. Under the strategy, the healthy and unhealthy coronary artery system can synchronize gradually with suitable controller. Therefore, this investigation has some reference value for curing cardiomyopathy.
V. CONCLUSION
In this paper, the problem of synchronization of the coronary artery chaotic system with interval input time-varying delays and different disturbance has been addressed by utilizing H ∞ control. A suitable LKF is established based on free-matrixbased integral inequality which can bound its derivative. The conservativeness of the derived results can be further reduced by combining the extended reciprocally convex method with the delay-partitioning approach. Then a new robust synchronization criteria are presented and a state feedback controller design approach is developed via the proposed criteria. The example has been showed the applicability of the the proposed controllers approach for synchronizing chaotic systems. How to extend the proposed methods to further study other systems is our future research topic.
